The paper studies estimation of parameters of diffusion market models from historical data. The standard definition of implied volatility for these models presents its value as an implicit function of several parameters, including the risk-free interest rate. In reality, the risk free interest rate is unknown and need to be forecasted, because the option price depends on its future curve. Therefore, the standard implied volatility is conditional: it depends on the future values of the risk free rate. We study two implied parameters: the implied volatility and the implied average cumulative risk free interest rate. They can be found unconditionally from a system of two equations. We found that very simple models with random volatilities (for instance, with two point distributions) generate various volatility smiles and skews with this approach.
Introduction
Most practitioners have adapted the famous Black-Scholes model as the premier model for pricing and hedging of options. This model consists of two assets: the risk free bond or bank account and the risky stock. It is assumed that the dynamics of the stock is given by a random process with some standard deviation of the stock returns (the volatility coefficient, or volatility). Empirical research shows that the real volatility is time-varying and random.
Many authors emphasize that the main difficulty in modifying the Black-Scholes and Merton models is taking into account this fact. A number of equations for evolution of the volatility were proposed (see e.g. Christie (1982) , Johnson and Shanno (1987) , Hull and White (1987) , Masi et al. (1994) , and more recent papers in Jarrow (ed.) (1998) ). The basic pricing rule for models with random volatility is risk neutral valuation, when the option price is given as the expected value of its future payoff with respect to a risk-neutral measure discounted back to the present time t (see, e.g., Ross (1976) and Cox and Ross (1976) ). This method has been developed to pricing rules based on optimal choice of the risk-neutral measures such as local risk minimization, mean variance hedging, q-optimal measures, and minimal entropy measures (see, e.g., Föllmer and Sondermann (1986) , Schweizer (1992) , Masi et al. (1994) , Geman et al. (1995) , Rheinländer and Schweizer (1997) , Pham et al. (1998) , Laurent and Pham (1999) , Frittelli (2000) , and others). These pricing rules are applicable for the most complicated models with Itô's equation for volatility.
In reality, practitioners prefer to describe market imperfection and deviations from lognormal Black-Scholes model in the terms of the so-called volatility smile or volatility skew for the implied volatility. It is a certain shape of the implied volatility on K given S(0), where K is the strike price, S(0) is the stock price; ∪-shape is usually referred as the volatility smile, ∩-shape and others are referred as the volatility skew. It is commonly recognized that Black-Scholes formula gives unbiased estimation for at-money options only, and it gives a systematic error for in-money and out-of-money options. That means that there is a gap between historical and implied volatility that generates volatility smile or skew (see, e.g. Black and Scholes (1972) , Day and Levis (1992) , Derman et al. (1996) , Hauser and Lauterbach (1997) , Taylor and Xu (1994) . A detailed review can be found in Mayhew (1995) ). Therefore, there is a demand for models consisting of stock prices, option prices, and volatilities, that can cover different shapes of volatility smiles and skews. For instance, the risk neutral valuation method generates volatility smiles rather than skews.
In the present paper, we found a very simple model with random volatilities and risk free rates (for instance, with two point distributions) that generates various volatility smiles and skews. Our approach can be described as the following. The standard implied volatility definition gives its value as a function of the risk-free interest rate r, the option price, the strike price, the current stock price, and terminal time T . The standard definition of the implied volatility ignores the fact that, in reality, r is unknown and need to be forecasted, because the option price depends on its future (forward) curve. Therefore, the standard implied volatility at time t is a conditional one and it depends on the future curve r(s)| s∈ [t,T ] .
In fact, the Black-Scholes price at time t depends only the volatility process and on ρ(t) = (T − t) −1 T t r(s)ds, or on a single parameter of this curve (see Lemma 1.1 below), even if r(·) is random and depends on (S, σ, w), where w s the driving Wiener process. We suggest to calculate the pair (σ imp (t), ρ imp (t)) of two unconditionally implied parameters, where σ imp (t) is the unconditionally implied volatility, and ρ imp (t) is the unconditionally implied value of ρ(t). This pair can be found from a system of two equations with option prices for different strike prices. Note that the case when two parameters are inferred from option historical prices has been addressed by several authors but in different setting (see, e.g., survey of Garcia et al (2004) ). Butler and Schachter (1996) suggested to use two call options with different strike prices for calculation of implied volatility distributions for the case of option prices obtained via the unbiased estimate of option price for random volatility. The mentioned paper addressed the case of implied risk-free rate, but it was focused on the case of the implied stock prices and volatility.
Our main goal is a model for volatility skews and smiles. Using numerical simulation, we show that even simplest models with the random volatility and the risk free rate with two point distributions generate various volatility smiles and skews.
Definitions
We consider the diffusion model of a securities market consisting of a risk free bond or bank account with the price B(t), t ≥ 0, and a risky stock with price S(t), t ≥ 0. The prices of the stocks evolves as
where w(t) is a Wiener process, a(t) is an appreciation rate, σ(t) is a random volatility coefficient. The initial price S(0) > 0 is a given deterministic constant. The price of the bond evolves as
where r(t) ≥ 0 is a random process and B(0) is given.
We assume that w(·) is a standard Wiener process on a given standard probability space
where Ω is a set of elementary events, F is a complete σ-algebra of events, and P is a probability measure.
Let F t be a filtration generated by the currently observable data. We assume that the process (S(t), σ(t)) is F t -adapted and that F t does not depend on {w(t 2 ) − w(t 1 )} t 2 ≥t 2 ≥t .
In particular, this means that the process (S(t), σ(t)) is currently observable and σ(t) does not depend on {w(t 2 ) − w(t 1 )} t 2 ≥t 2 ≥t . We assume that F 0 is the P -augmentation of the set {∅, Ω}, and that a(t) does not depend on {w(t 2 ) − w(t 1 )} t 2 ≥t 2 ≥t . For simplicity, we assume that a(t) is a bounded process.
Black-Scholes price
Let K > 0 be given. We shall consider two types of options: vanilla call and vanilla put, with
Here K is the strike price.
Let T > 0 be fixed. Let H BS,c (t, x, σ, r, K) and H BS,p (t, x, σ, r, K) denotes Black-Scholes prices for the vanilla put and call options with the payoff functions F (S(T ), K) described above under the assumption that
is non-random. The Black-Scholes formula for call can be rewritten as
We assume that there exist a risk-neutral measure Q such that the processS(t) is a
For brevity, we shall denote by H BS the corresponding Black-Scholes prices different
The following lemma is a generalization for random r(·) of the lemma from Hull and White (1987) , p.245.
in the general case of stochastic (r, σ), and the assumptions of Lemma 1.1 are not satisfied.
Proof of Lemma 1.1. It suffices to consider the case when t = 0 and v(0) and ρ(0) are non-random.
It is easy to see that
By Ito formula, we obtain that
This completes the proof. 
Unconditionally implied parameters
The standard definition of the implied volatility ignores the fact that, in reality, r is unknown and need to be forecasted, because the option price depends on its future (forward) curve.
Therefore, the standard implied volatility at time t is a conditional one and it depends on the future curve r(s)| s∈ [t,T ] . We shall study the pair (σ imp (t), ρ imp (t)) of two unconditionally implied parameters, where σ imp (t) is the unconditionally implied volatility, and ρ imp (t) is the unconditionally implied value of ρ(t). This pair of implied parameters can be inferred from a system of two equations for different options.
Definition 1.1 Assume that we observe two options on the same stock with market prices P (1) (t) and P (2) (t) at time t. These options have the same expiration time T > 0. Let
BS be the Black-Scholes price for the corresponding types of options. Let the pair
(1.5)
We say that σ imp (t) is the implied volatility and ρ imp (t) is the implied average forward risk-free rate inferred from (1.5).
To avoid technical difficulties, we shall assume that the prices and parameters in (1.5) are such that the solution (σ imp (t), ρ imp (t)) exists and is uniquely defined for all special case described below. Clearly, Definition 1.1 is model free and does not require any pricing rules and a prior assumptions on the evolution law for volatilities and risk free rates. We need some models and pricing rules only for numerical simulations of of (σ imp (t), ρ imp (t)).
Pricing rule
The local risk minimization method, the mean variance hedging, and some other methods based on the risk-neutral valuation lead to the following pricing rule: given (a, σ, r), the option price is
where Q is some risk neutral measure, and where E Q is the corresponding expectation.
Usually, Q is uniquely defined by (a, σ, r), and by the pricing method used.
For numerical simulation purposes, we assume that we have chosen one of these methods (for instance, local risk minimization method or mean variance hedging). Therefore, the risk neutral measure Q is uniquely defined by (a, σ, r) given the method of pricing.
Two calls with different strike prices
Assume that two European call options on the same stock have market prices P i (t) at time t, i = 1, 2. We assume that these options have the same expiration time T > 0 and have different strike prices K i > 0, K 1 = K 2 . Let σ imp (t) = σ imp (t, K 1 , K 2 ) be the implied volatility and ρ imp (t) = ρ imp (t, K 1 , K 2 ) be the implied average forward risk-free rate given K 1 , K 2 at time t, inferred from the system    H BS,c (t, S(t), σ imp (t), ρ imp (t), K 1 ) = P 1 (t),
(2.1) Remark 2.1 For solution of system (3.1), the following straightforward algorithm can be applied. Let σ 1 (t, K 1 | ρ) be such that H BS,c (t, S(t), σ 1 (t, K 1 | ρ), ρ, K 1 ) = P 1 (t).
(i.e. it is the standard (conditional) implied volatility). Consider equation
Let ρ = ρ(K 1 , K 2 ) be the solution of (2.2). Then
Numerical simulation for generic market model
For numerical simulation, we accept the simplest stock market model with traded options on that stock and with pricing rule (1.6). Assume that the risk neutral measure Q is such that the process (r(t), σ(t)) = (σ, r) is random, independent on w under Q, independent on time, and can take only two values, (r 1 , σ 1 ) and (r 2 , σ 2 ), with probabilities p and 1 − p correspondingly, where p ∈ [0, 1] is given. In that case, pricing rule (1.6) means that the price of call option with strike price K and expiration time T is E Q max(0,S T −K) = p H BS (T, S 0 , r 1 , σ 1 , K) + (1 − p) H BS (T, S 0 , r 2 , σ 2 , K).
Clearly, any p ∈ [0, 1] defines its own risk-neutral probability measure Q, and, therefore, it defines its own E Q .
As an example, we consider the case when t = 0, T = 1, S(0) = 1, p = 0.5, σ 1 = 0.3, σ 2 = 0.7, r 1 = 0.1, r 2 = 0.08. Figure 4 .1 shows the unconditionally implied volatility and average forward risk-free rate (σ imp (t, K 1 , K 2 ), r imp (t, K 1 , K 2 )) Figure 4.2 shows the shape of dependence of unconditionally implied volatility σ imp (t, K 1 , K 2 ) on K 1 given K 2 = 1.28 and K 2 = 1.4.
It can be seen that the volatility surface the risk-free rate surface neither convex nor concave with respect to (K 1 , K 2 ), and our simplest model can generate volatility smiles as well as skews.
3 Exclusion of the stock prices form the system of equation
For the dynamic estimation of time varying implied parameters, one has to separate the impact of the changes of the stock price on the option price from the impact of the change of the values of the stock price parameters. For this, it could be convenient to exclude the current stock price form the system of equations for the implied parameters. To address it, we suggest the following approach.
Let us consider dynamically adjusted parameters T = t + τ and K = κS(t), where κ ∈ (0, +∞) is a parameter. In this case, F (S(T )) = F (S(T ),
where Y (T ) = S(t + τ )/S(t).
By rule (1.6), the option price given (a, σ, r), is
Let G(t) ∆ = P RN (t, σ(·), r(·)) S(t) .
It follows that
Therefore, the implied parameters (σ imp (t), ρ imp (t)) for European options can be calculated using H BS (t, 1, σ, ρ, δ) only with κ = κ i , i = 1, 2, κ 1 = κ 2 .
Let us consider the following example. Assume that two European call options on the same stock have market prices P i (t) at time t, i = 1, 2. We assume that these options have the same expiration time T = t + τ > 0 and have different strike prices K i = κ i S(t) > 0,
In this case, the implied volatility σ imp (t) and the implied average forward risk-free rate ρ imp (t) at time t can be inferred from the system
H BS,c (t, 1, σ imp (t), ρ imp (t), κ 2 ) = G 2 (t).
(3.1)
Remark 3.1 The observations of option prices with dynamic adjusted strike price K = κS(t) with a fixed κ can be useful for econometrics purposes even without calculation of the implied parameters. In particular, some features of the evolution law for historical parameters (σ(t), ρ(t)) can be restored directly from the observations of the process G(t). For instance, the processes G(t) must evolve as a deterministic function of the current values of (σ(t), ρ(t))
if the process (σ(t), ρ(t)) evolves as a Markov process that is independent from w(·).
4 Possible generalizations
The approach suggested in this paper allows many straightforward generalizations. For instance, assume that implied parameters are calculated using market prices of three options with expiration times T 1 , T 2 , T 3 such that T 1 < T 2 = T 3 . Let σ 1 , σ 2 , σ 3 , ρ be the corresponding implied volatilities and the implied cumulative risk free rate calculated as the solution of the system of the three equations for prices; we assume that σ 2 = σ 3 . The relationship between σ 1 and σ 2 = σ 3 shows the implied market hypothesis about the evolution of the volatility.
Furthermore, sets of special implied parameters can be used for models that are different from the Black-Scholes diffusion market model. For example, consider a model with driving fractional Brownian motion with unknown Hurst parameter h. A system of three equations including the prices for three options can be used to determine the implied (ρ, σ, h), where ρ is the implied risk-free rate, σ is the implied risk-free rate, h is the implied Hurst parameter.
Instead of the classical Black-Scholes formula for the prices, one should use the corresponding modification of the pricing formula for the case of fractional Brownian motion.
The same approach for can be applied for the discrete time market models. Let us consider the so-called binomial model. Let us suggest an example of a pair of implied parameters associated with a modification of this model with the prices S(t), t = 0, 1, 2, ..., N . We assume that the evolution of S(t) is such that S(t + 1) = ρS(t)ζ(t + 1), t = 0, 1, 2, ..., where
where F t is the filtration generated by S(t), ρ ≥ 1 is the single period return for the risk free investment, ε ∈ (0, 1) is a parameter for the model.
Instead of the classical Black-Scholes formula for the option price, one can use the value of the initial wealth that allows replication of the claim ρ −N F (S(N )). The pair (ρ, ε) can be used as the pair of implied parameters; ρ represents the single period return for the risk-free investment, and ε represents the range of change that can be considered as an analog of the volatility.
For the classical binomial model, the sets of all possible values of the stock prices are finite at every time. Let us suggest a modification of the discrete time binomial model such that the distribution of the stock price is continuous and the stock prices can take any positive value. Let us consider first a model for "rounded" prices S 0 (t) with a finite set of possible values at any time t = 0, 1, 2, .... We assume that the evolution of S 0 (t) is described by a standard discrete time binomial model such that S 0 (0) = 1, S 0 (t + 1) = ρS(t)ζ(t + 1), t = 0, 1, 2, ..., where P(ζ(t + 1) ∈ {1 − ε, (1 − ε) −1 }|F t ) = 1, F t is the filtration generated by S 0 (t), ρ ≥ 1 is the single period return for the risk free investment, ε ∈ (0, 1) is a parameter for the model. Second, let us consider a sequence of random variables ξ(t, v) such that are mutually independent given F t and that they all have the uniform distribution on
Here V t is the supporting set for the distribution of S 0 (t) . Finally, let us select the final model for the stock prices to be S(t + 1) = ρS(t)ζ(t + 1)ξ(t + 1, S 0 (t)). For this model, S(t) can take any positive value. The pair (ρ, ε) can be used as the pair of implied parameters again; instead of the Black-Scholes pricing formula, one can use the price calculated for the binomial stock price model described by S 0 (t). 2
The author wishes to thank Barry Schachter for useful comments regarding the bibliography. Unconditionally implied risk−free rate Figure 4 .1: Unconditionally implied volatility σ imp (t, K 1 , K 2 ) (top) and average forward risk-free rate (bottom) r imp (t, K 1 , K 2 ) inferred from prices for two call options for the case when t = 0, T = 1, S(0) = 1, p = 0.5, σ 1 = 0.3, σ 2 = 0.7, r 1 = 0.01, r 2 = 0.08. Unconditionally implied volatility σ imp (t, K 1 , K 2 ) inferred from prices for two call options given K 2 = 1.28 and K 2 = 1.4.
